To relate observed rainfall rates (R) to the kinetic energy flux (E) that affects soil erosion it is necessary to develop relationships between the two. This paper explores theoretical ER relationships based on gamma distributions of drop size. The relationship is poorly defined unless assumptions are made about changes in the shape of the drop-size distribution (DSD) with rainfall rate. The study suggests that the assumption of an exponential DSD leads to overestimation of kinetic energy flux. Further, incorporation of a horizontal component of kinetic energy allows for a clearer relationship between kinetic energy and rainfall intensity to be defined, but a question remains regarding the most appropriate definition of the horizontal component of drop velocity.
Introduction
The quantity of soil that is lost during a rainfall event is a function of the kinetic energy of the rain that impacts the soil. As rain consists of a spectrum of drop sizes, the kinetic energy is dependent upon the nature of the distribution of those sizes. In particular, larger drops have both greater mass and vertical terminal velocity such that a disproportionate amount of erosion results from the action of a small number of large drops. Soil erosion calculations such as those used in the WEPP model (Flanagan et al., 2001 ) and in RUSLE (Reynard et al., 1997) are based upon models of the distribution of raindrop sizes that date back to the 1940s (Laws and Parsons, 1943; Marshall and Palmer, 1948) . These, in turn, are based on small samples collected using flour pellet or blotting paper methods. Video disdrometers, able to increase vastly the sample sizes of drop distributions, have revealed that the shape of those distributions follows forms other than those proposed by Marshall and Palmer (1948) . Based on disdrometer observations, Steiner and Smith (2000) conducted an extensive survey of the relationships between the three variables, measured radar reflectivity, rainfall rate and kinetic energy (KE). They found that, while the relationship between E and R was well characterised by a linear equation, there was a great deal of scatter and, therefore, uncertainty in the form of the relationship. A similar conclusion was reached by Parsons and Gadian (2000) in a theoretical study of DSD variation and soil detachment.
Studies of rainfall using dual-polarisation weather radars and disdrometers have also revealed that the typical parameterisation of the drop-size distribution (DSD) is inaccurate and that natural rain DSDs can take different forms (Ulbrich and Atlas, 1998; Illingworth and Blackman, 2002) . Generally the DSD takes the form of a gamma distribution of which the Marshall-Palmer is a special case. As shown below, the gamma distribution is defined by three variables which are not independent, but it is difficult to define the dependency (Testud et al., 2001; Uijlenhoet, 2001) .
As rainfall rate is the regular observation used to assess the potential soil loss, this paper explores the theoretical relationship between measured rainfall rate and the rain kinetic energy flux (the factor that controls soil erosion). A potential exploitation of remote sensing technology and of weather radar in particular, could be in the areal assessment of soil erosion due to heavy rain. To achieve this requires an accurate representation of the DSD and the relationship between R and E. Typically, laboratory experiments using rainfall simulators are performed in such a way that the simulator produces a DSD that replicates what is assumed to exist in natural rain (Regmi and Thompson, 2002) . However, most of these assumptions also use the MarshallPalmer DSD rather than a gamma distribution. Therefore, there is a need to investigate the difference between simulated and natural rain, in terms of the energy flux, to extend, accurately, the results of simulator studies to the natural environment.
Further to this, all previous studies of rainfall kinetic energy and its application to soil erosion problems implicitly assume that the rain falls vertically. Certainly this is the case in simulator studies where the generation of non-vertical fall trajectories is not practical. However, natural rain almost always has some component of horizontal velocity and, in some instances, this is likely to be greater than the terminal velocity of the drops (Gunn and Marshall, 1955; Lack and Fox, 2003) .
The exponential form of the DSD described by Marshall and Palmer (1948) is ) is a parameter related to the median drop diameter of the size spectrum:
where D 0 is the median drop size diameter denoting the drop size for which half the liquid water volume of the drops is contained in drops smaller, and half contained in drops larger than this diameter.
However, it is now recognised that the DSD of natural rain is better represented by the gamma distribution (Testud et al., 2001) :
The value of m, the order of the gamma distribution, can take values between 0 (the exponential Marshall-Palmer distribution) and 15 but, generally, is found toward the bottom of this range (Illingworth and Blackman, 2002) . In this case L takes a value given by
To make calculations consistent, (3) must be normalised such that the total number of drops found by its integration is independent of the value of m. In the revised version of (3), , which are typical values that are in agreement with the formulation of Marshall and Palmer (1948) .
These curves show the effect of different formulations on the DSD. As the value of m is increased, the concentration of large droplets is reduced, while the modal drop size increases. Overall, this leads to a narrower DSD which one would expect to reduce the total kinetic energy flux of the falling population of drops, as this is most sensitive to the number of large drops. In this way m can be considered a shape factor for the DSD. The major contribution to the total kinetic energy of the rain is provided by a relatively small number of larger drops. However, the increased and improved observations of natural rain have led to the conclusion that there are fewer of these drops present than previously thought. The gamma distribution used to represent the DSD is narrower than the exponential and contains the assumption that there are fewer large drops in the rain. This implies that calculations of KE based on exponential DSDs will overestimate the KE imparted by falling rain. Furthermore, laboratory based studies of soil erosion using equipment designed to replicate an exponential DSD will produce greater soil losses than would be expected in natural rain. In particular, it is believed that the Marshall- Palmer DSD is appropriate for low R, but m increases with R.
The objective of this theoretical study is to examine the difference between the kinetic energies produced by the different assumptions regarding the DSD. The results could be used to estimate corrections to laboratory studies when required.
This note demonstrates the impact that this change in the formulation of the DSD can make to estimates of kinetic energy and hence of soil erosion. Also, it examines the impact of including the horizontal component of momentum of falling drops, due to wind, on the overall KE of the DSD, under the differing assumptions regarding the DSD.
Kinetic energy of a distribution of raindrops falling vertically
The kinetic energy of a falling drop is given by
where m is the mass of the drop:
and r is the density of water. The rainfall rate due to the falling population of drops at terminal velocity v(D) in m s 1 is then given by
and the instantaneous kinetic energy of the rainfall is
The drop energy flux (rate of kinetic energy transfer) is the variable of greatest interest in erosion studies and this is given by
In each case, having specified N(D), one can complete the integral and find the rainfall rate and kinetic energy, having assumed a formulation for the terminal drop velocity. For this work, the formulation from Ulbrich (1983) is used:
This single equation, in contrast to others that use different formulae for different ranges of D (Beard, 1976; Rogers and Yau, 1992) , has been shown to be reasonably accurate across the range of D and makes the computation straightforward. Of course, v(D) may be affected by many factors, such as air density, turbulence and vertical air motions. These are ignored in this study.
Substituting (11) and the normalised version of (3) into (10) and solving the integral produces To assess the relationship of the kinetic energy to the rainfall rate, the drop-size distribution has to be specified through the three parameters N T , D 0 , and m. Figure 2 shows an example of the different values of m on the relationship between rainfall rate and droplet energy flux for a fixed value of D 0 . In the case of each line, the total drop concentration is varied from 1000 to 10 000 m
3
. Here it can be seen that, for the same rainfall rate, the lower values of m produce higher droplet energy fluxes as there are more large drops with high kinetic energy. Figure 3 presents the results of varying both D 0 and N T for the different values of m. Sample results are shown for rainfall rates up to 150 mm hr 1 , which can be considered as the extreme rainfall rate sustainable for very short periods of time. In this case, the relationships between the kinetic energy and rainfall rate are not simple and the same relationship may be produced by different DSD shapes. The general trend remains the same; higher values of m produce lower kinetic energy fluxes for the same rainfall rate, as the population of drops covers a narrow spectrum of sizes and contains fewer large drops.
The results show good agreement with the experimental observations of Steiner and Smith (2000) , including a similar linear relationship between E and R. The theoretical scatter shown here appears greater than that of the observed data and this may be a result of natural rain requiring particular DSD shapes for high intensities to be achieved. That is, in natural rain, high intensities are found only with certain DSDs (values of m) while, in lighter rain, a wide variety of values of DSDs is possible. Cerro et al. (1998) found that assuming a lognormal DSD produces the best fit for their observed ER relationship. However, it could also be argued that using gamma distributions that increase in order (including m = 0 for low R) would yield similar results. As an example, Fig. 4 is a reconstruction of Fig. 2 with each sample of ER points restricted to specific (arbitrary) rainfall intensity bands. In this case, the ER relationships appear closer to those presented by Steiner and Smith (2000) and Cerro et al. (1998) . It is also possible that higher rates constrain the DSD further, in terms of D 0 for example.
Kinetic energy of a distribution of raindrops with horizontal component of velocity
Under normal conditions, rain does not fall vertically but has a component of horizontal velocity imparted by the wind which is generally of the same order as the vertical velocity of the drops. The total kinetic energy flux (E T ) of a falling population of raindrops under the influence of a horizontal wind of velocity u is given by
Here, it is assumed that all drops of all diameters have the same horizontal component of velocity determined by the wind at some level above the ground. In reality, the wind near the surface will be lower than that at elevation and the drops will suffer differential horizontal deceleration as the smaller drops experience a greater drag than the larger drops. This differential deceleration is difficult to quantify and is dependent upon complex winds near the surface, so this simplistic assumption is necessary. Completion of the integral gives
Following the same procedure as described previously, m was fixed and values of D 0 and N T were varied to produce samples of rainfall rate and kinetic energy for a variety of wind velocities. Figure 1 can be considered the case for u = 0 m s 1 . Figures 5, 6 , 7 and 8 show the results for wind velocities of 5, 8, 10 and 12 m s 1 respectively. Naturally, the droplet energy flux increases with increasing wind speed and, as that speed increases, the component of kinetic energy due to horizontal motion begins to dominate. However, coupled with this is the effect that the relationship between E and R becomes more defined and less dependent upon m, especially at low rainfall rates. For the highest values of u used in this study, the relationship between E and R appears to be linear and is defined clearly up to rainfall rates of 100 mm hr 1 . From these plots, the uncertainty in a value of E T derived from an observed rainfall appears to increase with increasing R, in contrast with the findings of Steiner and Smith (2000) . This may well reflect the fact that lower intensity rates of rainfall can result from a wide range of combinations of D 0 , N T and m, whereas really heavy rainfalls can be generated only by a smaller range of possible values. The figures generated herein assume that all rainfall rates can be generated from any suitable DSD but the evidence is that this is not the case. If one assumes that higher rainfall rates cannot result from DSDs with m < 5, then a theoretical figure such as Fig. 9 can be produced. Here, with u = 10 m s 1 , there is much less scatter, particularly for higher values of R.
Using Eqn. (3), and the assumption that drops retain the horizontal component of motion due to some representative wind speed down to the surface, it is notable that a 2 mm diameter drop will have a fall angle of 50° when the wind is 5 m s 1 , and a fall angle of 3° when the wind is 10 m s 1 . Similarly a 3 mm drop would have fall angles of 58° and 38° with wind speeds of 5 and 10 m s 1 respectively, while a 5 mm drop would have fall angles of 66° and 48°. A 10 m s 1 wind would be considered a high wind at the surface. In natural meteorological conditions, it is not uncommon for high winds to accompany heavy rains, and much soil is lost in consequence of the extreme rainfall conditions produced by tropical storms. In such cases, the wind velocities used in this study would be considered low.
Discussion
The study presented here demonstrates no clear relationship between observed rainfall rate and droplet kinetic energy flux. Furthermore, the assumption of a particular shape to the DSD can bias estimates of soil loss. In particular, the use of the exponential DSD proposed by Marshall and Palmer (1948) , although generally accepted as appropriate as a representation for reasonably low intensity mid-latitude stratiform rains, overestimates the number of large drops present in heavier rains and, hence, the kinetic energy of that rain. However, if the correct form of the DSD for the rain is specified, then the bias can be corrected.
As the horizontal wind velocity increases, the kinetic energy of the rain due to horizontal motion increases and dominates in comparison with the vertical component of the kinetic energy. However, the impact of the rain on the soil surface is complex and is not a simple function of the kinetic energy, especially as the rain impacts the surface at an angle. In these circumstances, the quantity of soil dislodged depends also on the impact angle (which includes the slope of the surface and the slope relative to the fall angle of the drops), the soil type, structure, moisture content and many other factors. Also, drops of different sizes will impact the surface at different angles; the largest drops with the highest terminal velocity, will strike the surface with a higher perpendicular velocity than smaller drops.
Many simplifications have been made in this work. These results ignore the effect of changes in vertical velocity caused by the vertical motion of the air (updrafts and downdrafts). Other formulations of the terminal velocity have been suggested and no dependence on air density is provided. However, errors in the assumptions of drop velocity are unavoidable in natural rain, unless those velocities are observed directly, which is impractical in any areal survey. Doppler radar also measures the horizontal velocity of the falling drops, albeit at elevation, and this could be used to find the total kinetic energy of the falling drops. However, the determination of the appropriate horizontal component of motion is difficult and also dependent on the DSD.
The results show the importance of portraying, accurately, the shape of the DSD in both estimates of natural soil erosion and simulator experiments. As the simulators tend to produce either exponential DSDs or DSDs that only approximate the desired shape, then the findings presented here could be used to adjust the estimates of soil loss from simulators. The soil detachment process is so complex that it must be studied under controlled conditions in simulators; yet, to extend these results to realistic estimates of areal soil erosion (as can be made using radar observations of rainfall), laboratory results must be compared with observations of natural rain and with these theoretical relationships to reconcile the differences between laboratory studies and field observations. This is particularly important in respect of the horizontal component of velocity and work is needed to quantify the true horizontal velocity at the point of impact on the surface.
